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It is shown that every compact zero-dimensional metric space X with either no isolated
points or inﬁnitely many isolated points has a complex shift. If X is a disjoint union of a
compact inﬁnite scattered metric space and the Cantor set then X has a real shift also. If
X is a disjoint union of a nonempty ﬁnite scattered metric space and the Cantor set then
X has no shift.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction: Deﬁnitions and notations
Deﬁnition 1.1. Let E be a Banach space, real or complex. A linear operator T on E is called a shift operator if T has the
following properties:
(i) T is an isometry.
(ii) T (E) has co-dimension 1. That is the quotient space ET (E) has dimension 1.
(iii)
⋂∞
n=1 Tn(E) = {0} where 0 is the zero element of E .
Deﬁnition 1.2. Let X be a compact space. CR(X) denotes the space of real valued continuous functions on X . Similar
meaning applies for CC (X). C(X) denotes both CC (X) and CR(X). CR(X) is a real Banach space with the usual pointwise
addition and scalar multiplication and with sup norm. A similar remark applies to CC (X). X is said to have a real (complex)
shift if CR(X) (CC (X)) has a shift. X is said to have a shift if X has both a real shift and a complex shift. X is said to have
no shift if it has neither real nor complex shift. Hereafter X will denote a compact Hausdorff space.
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on X :
a) If X has a real shift then it has a complex shift [9].
b) If X is connected then it has no real shift [7,3].
c) There are examples of connected compact spaces having no complex shift [7,3].
d) There is a connected compact space X which has a complex shift [6].
e) From b) and d) above it follows that there is a compact space which has a complex shift but no real shift. This compact
space is a connected example.
So the converse of a) above is false. So it is natural to ask what if the space X is zero-dimensional. (We remark that a
topological space Y is called zero-dimensional if the collection M of all subsets of X which are both open and closed is a
base for its topology).
In this paper we study shifts on compact zero-dimensional metric spaces which is a fairly large class. We show that all
compact metric zero-dimensional spaces with either no isolated points or inﬁnitely many isolated points have a complex
shift. We also show that in the case when X is a disjoint union of a Cantor set and a compact inﬁnite scattered space then
X has a real shift as well.
Notations and basic deﬁnitions 1.4. We follow [1] and [13] for basic ideas in topology. We call a topological space X
scattered if every nonempty subset F of X has a point that is isolated in the relative topology of F . A topological space X
is called dense in itself if it has no isolated points. A compact dense in itself space is also called perfect. Product space Xα
(where α is a cardinal number), ordinals, Cantor ternary set, derived set, derived order, are found in [1] or [4]. We use N for
positive integers 1,2,3, . . . , Z stands for the set of all integers. A space homeomorphic to the Cantor ternary set is said to
be a Cantor set. 2 denotes the discrete space {0,1} with two elements 0 and 1. It is known that a perfect zero-dimensional
compact metric space is a Cantor set (see [13]).
Deﬁnition 1.5. Let X be a compact space. Let p be an isolated point in X and ψ : X \ {p} → X be a homeomorphism onto.
The pair (ψ, p) is called a primitive shift on X (or just a primitive shift) if the set {ψ−n(p): n = 0,1,2, . . .} is dense in X .
2. Zero-dimensional spaces that have real shifts
In this section we show that if a compact metric zero-dimensional space X is a disjoint union of a Cantor set and a
compact inﬁnite scattered space then X has a real shift and hence both a real and a complex shift.
Lemma 2.1. Let X be a compact zero-dimensional metric space. Then the following statements are equivalent:
1. X is scattered.
2. X is countable.
3. X contains no Cantor set.
4. X is homeomorphic to the ordinal space [1,α] where α is a countable ordinal. 
This follows easily from Baire Category Theorem (see [10]).
Lemma 2.2. The space X = 2Z has two distinct elements a and b and an onto homeomorphism h : X → X such that h(a) = a and
h(b) = b satisfying the following: Given an increasing sequence n1,n2,n3, . . . of positive integers there is an element c in X so that
both the sets {hr(c): r = n1,n2, . . .} and {h−r(c): r = n1,n2, . . .} are dense in X.
Proof. We denote an element of X as (xi)∞i=−∞ or just (xi), where i is an integer. Let h be a homeomorphism from X onto
itself such that a point (ti)∞i=−∞ is a value of h at (si)
∞
i=−∞ if and only if ti = si+1. Put a to be a point with all coordinates
equal 0 and b to be a point with all coordinates equal 1. It is clear that a and b are ﬁxed points of h.
We denote by [k, r], where k and r are integers and k < r, the set of all integers m such that k  m  r. Let A be
the collection of all pairs ([k, r], f ) where k < r and f is a function from [k, r] into {0,1}. We write A as a sequence
(I0, f0), (I1, f1), (I2, f2), . . . where In = [kn, rn] for n = 0,1,2, . . . . If m is an integer and S ⊂ Z we put m+ S = {m+n: n ∈ S}.
If A and B are subsets of Z we put A < B if x < y for all x ∈ A and all y ∈ B . Let n1,n2,n3, . . . be a strictly increasing
sequence of positive integers. Now we are going to deﬁne an element c = (. . . , c−3, c−2, c−1, c0, c1, c2, c3, . . .) of the Cantor
set 2Z . We put J0 = I0. Then we ﬁnd an integer k1 in the set {n1,n2,n3, . . .} such that k1 + I1 > J0 and −k1 + I1 < J0.
We put J1 = k1 + I1 and J−1 = −k1 + I1. Suppose we have deﬁned J i for i = −n,−n + 1, . . . ,−1,0,1, . . . ,n and ki for
i = 1,2, . . . ,n. We now ﬁnd an integer kn+1 > kn in the set {n1,n2,n3, . . .} so that kn+1 + In+1 > Jn and −kn+1 + In+1 < J−n .
We put Jn+1 = kn+1 + In+1 and J−(n+1) = −kn+1 + In+1. Now deﬁne the element c = (. . . , c−3, c−2, c−1, c0, c1, c2, c3, . . .) of
2Z as follows. We put ci = 0 if i /∈ Jn for all n ∈ Z . Let i ∈ Jt for some t > 0. Then Jt = kt + It . So i = kt + s for some s
A. Gutek et al. / Topology and its Applications 159 (2012) 3513–3517 3515in It . We put ci = ft(s). If i ∈ J−t for some positive integer t , then i = −kt + s for some s in It . Put ci = ft(s). Then the sets
{hni (c): i = 1,2, . . .} and {h−ni (c): i = 1,2, . . .} are dense in X . 
Note 2.3. A compact zero-dimensional metric space X is one of the following types (see [1,13]):
1) It is perfect in which case it is a Cantor set.
2) It is scattered in which case it is at most countable and homeomorphic to a compact countable ordinal space [1,α]
with α < ω1 (ω1 is the ﬁrst uncountable ordinal).
3) It is a disjoint union K ⊕ L of Cantor set K and a scattered compact ordinal space L which is a subspace of the space
[1,ω1) of all countable ordinals.
4) It is a disjoint union K ⊕ L of Cantor set K and a scattered space L which is a non-compact subspace of the space
[1,ω1).
In case 1) Haydon (see [6]) has shown that there is a real and hence a complex shift on X . In case 2) there is no shift
if X is ﬁnite and there is a real and hence a complex shift on X if X is inﬁnite (see [4]). In what follows we show that
in case 3) there is a real shift and hence a complex shift on X if and only if L is inﬁnite or empty. In case 4) there is a
complex shift on X . We do not know if there is a real shift on X in the case 4). In case 3) there is no shift if L is ﬁnite and
nonempty. This follows easily from Theorem 2.1 of [3].
Theorem 2.4. Let X be a disjoint union K ⊕ L of a compact scattered inﬁnite metric space L and the Cantor set K . Then there is a real
shift on X. So there is both real and complex shift on X.
Proof. Let ψ together with the point p1 determine a primitive shift on L. Such a primitive shift exists in view of The-
orem 2.3 in [4]. Put pn = ψ−n+1(p1). Let {nk}∞k=1 be an increasing sequence of positive integers such that the sequence{pnk }∞k=1 converges. By Theorem 2.2 there is a homeomorphism h from K onto itself and points a and b such that h(a) = a
and h(b) = b, and a point c in K such that the sets {hni (c): i = 1,2, . . .} and {h−ni (c): i = 1,2, . . .} are dense in K . Let U be
an open and closed subset of K such that a ∈ U and b /∈ U . Let w : X → {−1,1} be a unimodular function that is equal −1
on U and 1 everywhere else.
Deﬁne a linear operator T :CR(X) → CR(X) by
T ( f )(x) = w(x) · f (h(x)), x ∈ K ,
T ( f )(x) = w(x) · f (ψ(x))= f (ψ(x)), x ∈ L and x = p1,
T ( f )(p1) = w(p1) f (c) = f (c).
It is clear that T is an isometry. We put cn = hn(c), where n is an integer. So c−1 = h−1(c) and c0 = c. Note that
if g is in the image of the operator T , then for some f ∈ CR(X) we have g(p1) = T ( f )(p1) = w(p1) · f (c) = f (c) and
g(c−1) = T ( f )(c−1) = w(c−1) · f (h(c−1)) = w(c−1) · f (c). So we have g(c−1) = w(c−1) · g(p1) for every g in the range of T .
So g(p1) = −g(c−1) for every g in the range of T or g(p1) = g(c−1) for every g in the range of T . In either case the
co-dimension of the image of the operator T is one.
We claim that T satisﬁes the condition (iii) in Deﬁnition 1.1 of shift operator. We choose a strictly increasing sequence
n1,n2,n3, . . . of positive integers so that the sequence pn1 , pn2 , pn3 , . . . converges. Let g ∈
⋂∞
n=1 Tn(CR(X)). Then for some
f ∈ CR(X) we have T 2( f ) = g . So
(g)(p2) = T 2( f )(p2) = w(p2) · T ( f )
(
ψ(p2)
)= T ( f )(p1) = f (c0)
and
g(c−2) = T 2( f )(c−1) = w(c−2) · T ( f )
(
h(c−2)
)= w(c−2) · w(a−1) · f (c).
So |g(p2)| = |g(c−2)|. Likewise we get |g(pm)| = |g(c−m)|.
The sequence {pnk }∞k=1 converges and the sets {hni (c): i = 1,2, . . .} and {h−ni (c): i = 1,2, . . .} are dense in K . So for
every  > 0 there is M such that for every k,m > M we have |g(pnm ) − g(pnk )| <  . Note that |g(pm)| = |g(c−m)|. So the
function |g| is constant on K . Therefore it is constant on X . So any function in the intersection ⋂∞n=1 Tn(CR(X)) can have
at most two distinct values and has to be constant on all but ﬁnitely many points of the sequence {pnk }∞k=1.
Note that T (g)(a) = −g(h(a)) = −g(a). So the function T (g) + g has to be zero on all but ﬁnitely many points of the
sequence {pnk }∞k=1. Therefore T (g) is equal −g there. Now consider the point b. We have that T (g)(b) = g(h(b)) = g(b). So
the function T (g) − g has to be zero on all but ﬁnitely many points of the sequence {pnk }∞k=1. Therefore T (g) is equal g
there. So g is equal zero on all but ﬁnitely many points of the sequence {pnk }∞k=1, and therefore it is equal zero everywhere.
Therefore T is a shift operator. 
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In this section we show that any compact zero-dimensional metric space with inﬁnitely many isolated pints has a
complex shift.
Deﬁnition 3.1. We call a ﬁnite subset F = {r1, . . . , rk} of the real line R independent if any linear combination a0 · 1 +
a1r1 + · · · + akrk , where a0,a1, . . . ,ak are rational numbers, is zero if and only if a0 = a1 = · · · = ak = 0. A subset S of R is
independent if any ﬁnite subset of S is independent. Note that a subset S of the set of irrational numbers is independent
in the sense of this deﬁnition if and only if S ∪ {1} is a linearly independent set when the real line is regarded as a vector
space over the ﬁeld of rational numbers.
In what follows we use the following conclusion of Kronecker’s Approximation Theorem (see [12,8]):
Theorem 3.2. Let S be an independent subset of R. If r1, . . . , rk are distinct elements of S, then the set {(e2πnir1 , . . . , e2πnirk : n =
1,2,3, . . .} is dense in a k-dimensional torus T k = (S1)k.
Using Note 2.3 and Theorem 2.4 we see that in order to prove that every compact zero-dimensional metric space with
inﬁnitely many isolated points has a complex shift it is enough to prove the following:
Theorem 3.3. Let X be a compact zero-dimensional metric space which is the disjoint union of a Cantor set K and a non-compact
subspace L of the space [1,ω1). Then X has a complex shift (ω1 is the ﬁrst uncountable ordinal).
Proof. We denote by R the set of all real numbers, by C the set of all complex numbers and by S the set of all complex
numbers with absolute value 1. If z is in S we call arg z to be a real number x so that x is in [0,1) and z = e2π ix . A set
F ⊂ S (a unit circle in C ) is called independent if the set {arg z: z ∈ F } is independent.
Hereafter X is a compact zero-dimensional metric space which is the disjoint union of a Cantor set K and an inﬁnite
countable non-compact subspace L of the space [1,ω1). So we can assume that X is embedded in R . We take D to be the
set of all isolated points in L. We put D = {d1,d2,d3, . . .}. Let us call a point p of R to be a limit point of a subset M of
R if there is a sequence of distinct numbers in M that converges to p. Now we can choose a subset E = {e1, e2, e3, . . .} of
irrational numbers of the interval (0,1) so that |en − dn| < 12n for all n = 1,2, . . . and E is independent. Clearly (X \ D) ∪ E
and X have the same set of limit points in R and hence are homeomorphic. So we can assume that X not only satisﬁes
the hypothesis of the theorem but in addition that the set D of isolated points of L is independent and X is a subset of the
interval (0,1). Since K is a Cantor set we can ﬁnd a countable dense subset M of K so that M ∪ D is independent. We can
ﬁnd a sequence {p1, p2, p3, . . .} of distinct points of D that converges to some p in X . We denote the set of these points
by F . We write the set M ∪ (D \ F ) as a sequence {a1,a2,a3, . . .}.
If x ∈ R we write e2π ix as exp(x) or w(x). We deﬁne h : X \ {p} → X as follows. We put h(pk) = pk−1 for k = 2,3, . . . .
We put h(x) = x for all other x in X . Then h is a homeomorphism from X \ {p1} onto X .
We deﬁne a linear operator T on CC (X) as follows: T f (p1) =∑∞n=1 2−n f (an) and T f (x) = w(x) f (h(x) for all other points
x in X . We claim that T is a shift operator on CC (X).
It is clear that T has co-dimension 1 and is an isometry. Now let f belong to the range of T . Then there is a g in CC (X)
so that f (an) = T g(an) = w(an)g(h(an)) = w(an)g(an) for all n = 1,2,3, . . . . Deﬁne zn by w(an) = 1zn for n = 1,2,3, . . . . So
g(an) = zn f (an) for all positive integers n. So f (p1) = T g(p1) =∑∞n=1 2−n g(an) =
∑∞
n=1 2−nzn f (an).
Thus we get that f ∈ T (CC (X)) if and only if f (p1) =∑∞n=1 2−nzn f (an). In the same way we get that f ∈ T k(CC (X)) if
and only if T f (pk) =∑∞n=1 2−nzkn f (an) for all k = 1,2,3, . . . .
Now let f ∈⋂∞k=1 T k(CC (X)). Let L =
∑∞
n=1 2−n| f (an)|. We claim that L = 0. If we show that L = 0 then it will follow
that f (an) = 0 and f (pn) = 0 for all positive integers n and hence f ≡ 0.
Given a positive integer k choose a positive integer nk such that |znkn f (an)−| f (an)|| < 1k for all n = 1,2,3, . . . ,k. This can
be done because {a1,a2, . . . ,ak} is independent.
So
∑k
n=1 |2−n(znkk ) f (an) − | f (an)|)| < 1k .
Note that we can further choose nk so that nk > nk−1 for k = 2,3, . . . . Then |T f (pn) − L| = |∑∞n=1 2−nznkk f (an) −∑∞
n=1 2−n| f (an)|| |
∑k
n=1 2−nz
nk
k f (an)−
∑k
n=1 2−n| f (an)|| +
∑∞
n=k+1 |2−n(znkn f (an) − | f (an)|)| < 1k + 2
∑∞
n=k+1 2−n(| f (an)|)
which can be made less than a given  > 0 for large k. So limk→∞ T f (pnk ) = L.
Similarly we get that there is a sequence m1,m2, . . . so that limk→∞ T f (pmk ) = −L. Since limn→∞ pn = p we get that
limk→∞ T f (pn) = L and also limk→∞ T f (pn) = −L. So L = 0. Therefore f = 0 on X and we get that T is a shift operator. 
We can generalize the above theorem as follows:
Corollary 3.4. Let X be a compact space which is a disjoint union of two sets A and B, where B is a converging sequence of distinct
isolated points together with its limit point p. If there is a dense subset D of A and a continuous function Θ from X into the unit circle
S in the complex plane such that Θ(D) is an independent set and Θ is one-to-one on D, then X has a complex shift. 
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Let X be a compact space with an isolated point p and a homeomorphism h : X \ {p} → X which is onto. Let Dh =
{p,h−1(p),h−2(p), . . .}. Then Dh is a set of isolated points in X . A lot of study has been made in [5,2], and [11] of compact
spaces X with a shift in which Dh is not dense. However in all the examples of [5] and [2] the set of all isolated points is
dense. In [11] it is not.
Example 4.1. Let X = ([0,1) × {0}) ∪ ((0,1] × {1}) with the topology deﬁned by the lexicographic order. That means open
sets are generated by the unions of intervals ([a,b)×{0})∪ ((a,b]× {1}) where 0 a < b 1. Let Y be a disjoint sum of the
space X and a converging sequence (together with its limit point). Then Y has a complex shift. Note that we can replace
the sequence by an inﬁnite compact metric scattered space.
In [7] Holub proves that there are no shift operators on Banach spaces of real valued continuous functions on spaces with
ﬁnitely many components. In particular, there are no shift operators on Banach spaces of real valued continuous functions
on connected spaces. In [6] Haydon shows that some connected spaces admit complex shift. Below we give examples of
spaces with connected component and containing countably many isolated points that admit complex shift but may not
admit a real shift.
Example 4.2. Let the space X be a disjoint union of a converging sequence {xn}∞n=1 of distinct points together with its limit
point x∞ and the unit interval [0,1]. Then X admits a complex shift.
Example 4.3. Let S1 be a unit circle in the complex plane, and let T be the Cartesian product of 2ω many copies of S1.
Let X = S1 × T . Let B be a countable dense subset of T , say B = {b1,b2, . . .}. Let A1, A2, . . . be countable, dense in S1, and
independent sets of numbers in S1 such that the union
⋃∞
n=1 An is an independent set. Let D =
⋃∞
n=1(An ×{bn}). Then D is
a dense subset of X . Let Θ be the projection from X , which is the product S1 × T , onto S1. Note that Θ(D) is independent.
Therefore there is a complex shift on a disjoint union of X and a convergent sequence (with its limit point included).
Question 4.4. Let X be a union of a Cantor set and a scattered space. Let the scattered space be the space of two sequences
(of inﬁnitely many distinct points each) converging to distinct points, together with their limits, and let the only common
point of the scattered space and the Cantor set be one of the limit points. There is a complex shift on this space. Is there a
real shift on such a space?
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